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Introduction

The Personal Career Development Plan (PCDP) describes both near and long term objectives of the fellow, to reflect on their progress, plan their future development, and take actions to realize their plans. The document must be completed and updated every 12 month by the fellow and his/her advisor. It will be monitored yearly by the Educational Committee who will also provide the feedback assessment results of the training programme on the occasion of the yearly meeting. Major deviations from the plan should be reported to the Educational Committee. 
1 Individual Research Plan
1.1 Host Institution

UiT The Arctic University of Norway

1.2 PhD Advisor(s)
Cordian Riener and Hugues Verdure


1.3 PhD Thesis Supervisor Committee (if applicable)
1.4 Short overall project description

For industrial applications computing the integral of a certainly well-behaved function with respect to a measure is very important. There is a high demand for algorithms which can calculate integrals efficiently. One answer to this problem are quadrature rules (sometimes called cubature rules). For a measure μ on a Borel-Sigma algebra A on a subset X ⊂ R^n a quadrature rule is a finite sum of weighted point evaluations (at the nodes). The connection to polynomial optimisation and the moment problem is immediately visible, since one asks for solutions of truncated moment problems which are finite non-negative weighted sums of Dirac-measures and therefore the construction can be done using SDP.

For stability reasons one demands the weights to be non-negative and the nodes to be contained in the support of the measure μ. Furthermore, one desires to find cubature rules with a minimal number of nodes. Since continuous functions can be locally well-approximated by polynomials one measures the strength of a cubature rule in general by the maximum number d ∈ N such that all polynomials of degree less than or equal to d are “integrated exactly” by the cubature rule.

For the case of measures on the real line it is classically known that d nodes can always be chosen in a way to exactly approximate a definite integral up to degree 2d − 1. However, in the general case of cubature in n-dimensions the minimal number of nodes is not known and there exist only upper bounds, which were recently improved in the two dimensional case by Riener and Schweighofer who used polynomial and conic optimisation techniques. Due to work of Collowald and Hubert it is reasonable to expect that such minimal cubature rules can be found for integrals which respect certain symmetries. They have related the number of orbit types of the nodes to the number of irreducible representations on R^n. Our aim is to consider the actions of finite reflection groups (which involved representation and invariant theory is certainly well understood) and improve the amount of calculations needed to obtain cubature rules.

The aim is to combine the techniques coming from invariant theory with the methods by Riener and Schweighofer. In addition, it might also be reasonable to demand that the number of nodes are not forced to be minimal such that highly non-symmetric non polynomial functions can be approximatively integrated, too.
1.5 First secondment 
University of Konstanz (May & June 2020)
1.6 Second secondment 

INRIA Méditerranée (January & February 2021)
1.7 Third secondment 

Artelys Paris 
2 Research Outputs, Dissemination and Mobility

2.1 Research results

No results at that stage.
2.2 Research publications

No publications since there are no results yet.
2.3 Dissemination and networking

25.11.2019-29.11.2019: I have spend a week in Constance together with my supervisor Cordian Riener. He gave a lecture on polynomial optimisation with symmetry which I have attendend. In addition, I spoke with the ESRs Alejandro Nevado and Markus Breivik. In particular with Markus, I want to try to work together on equivariant complexity reduction for reflection groups of invariant semi-algebraic sets.

15.01.2020-17.01.2020: I attended the 1st POEMA workshop in Florence.
23.03.2020-03.04.2020: I will attend the POEMA conference and the 2nd POEMA workshop in Constance.

15.04.2020-17.04.2020: I plan to attend the Graduate Student Meeting in Applied Algebra and Combinatorics in Copenhagen.

It is a workshop for PhD students and early PostDocs. Since my work lies in the intersection of applied algebra (non-negativity of polynomials and polynomial optimisation) and combinatorics (combinatorial construction of irreducible G-modules for finite coxeter groups), I hope that I might learn a lot at this event. Furthermore, I hope that I can network with other researchers in these fields. 

06.08.2020-09.08.2020: 28th Nordic Congress of Mathematicians at Aalto University, Finland. I am invited to give a 30-minute talk in the Applied Algebra session.
2.4 Software, Data, other
No software so far.
3 Personal Training Plan
3.1 Scientific training courses

MAT 8810-1 Representation and Invariant Theory at UiT. (10 ECTS, passed (no grade) 03.12.2020) Lecturer: Cordian Riener
We covered topics from algebraic and geometric invariant theory. Studied the relation between the orbit space of a G-module and coordinate rings. Symmetry adapted bases. Sheppard-Todd-Chevalley. Representation theory of the symmetric group (and generalisations to reflection groups). Outlines to complexity reduction in polynomial optimisation. 

MAT 8810-2 Homological Algebra at UiT. (10 ECTS, ongoing)

Lecturer: Cordian Riener

Categories and Functors. Special modules (projective, injective, flat). Homology (chain complexes, derived functors, Tor and Ext). Ring homology (dimensions, Hilbert’s syzygy Theorem, differential graded algebras). Spectral sequences. Betti numbers (and equivariant Betti numbers). 
3.2 Complementary training courses
None so far.
3.3 Professional skill development
I acquired technical skills through reading and understanding of the relevant literature. Furthermore, I acquired communication abilities through discussions with my supervisors and other POEMA ESRs. 
4 Personal Career Development

4.1 Plan for the next period

Understanding the algorithmic treatment of cubature rules better.
Employing techniques from combinatorial representation theory (higher Specht polynomials for the finite real reflection groups of type B_n and D_n) to obtain decompositions of zero sets of invariant polynomials. In the same way as Moustrou, Riener and Verdure did in their ArXiv preprint “Symmetric ideals, Specht ideals, Specht polynomials and solutions to symmetric systems of equations” for the case of the symmetric group.
4.2 Career objectives (Postdoctoral project, …)
Proving interesting theorems. Publishing the first article. Giving talks at workshops and conferences.
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